A pseudo-Riemannian manifold is said to be timelike (spacelike) Osserman if the Jordan form of the Jacobi operator Jf?x is independent of the particular unit timelike (spacelike) tangent vector X. The first main result is that timelike (spacelike) Osserman manifold (M, g) of signature (2, 2) with the diagonalizable Jacobi operator is either locally rank-one symmetric or flat. In the nondiagonalizable case the characteristic polynomial of J£j-has to have a triple zero, which is the other main result. An important step in the proof is based on Walker's study of pseudo-Riemannian manifolds admitting parallel totally isotropic distributions. Also some interesting additional geometric properties of Osserman type manifolds are established. For the nondiagonalizable JacobToperators some of the examples show a nature of the Osserman condition for Riemannian manifolds different from that of pseudo-Riemannian manifolds.
Introduction
Let M be an n-dimensional pseudo-Riemannian manifold with the metric tensor (•, •) of signature (p, q). Let S p (5~) be the set of all unit spacelike (timelike) tangent vectors X € T p at p e M. Let S p (e -± ) be unit timelike (spacelike) sphere and for X € S p denote by T x (S f p ) the orthogonal complement of X e 5^. The Jacobi operator, R x '• F w R(Y, X)X, is a symmetric endomorphism of T P M which restricts to the endomorphism Jf x of T x S ( for X e S e p . Note Jf x is not necessarily diagonalizable unless T x S p has definite induced metric.
For Riemannian manifolds Osserman made the following conjecture in [22] .
[3]
Osserman pseudo-Riemannian manifolds of signature (2, 2) 369 THEOREM 1.1 (Main Theorem). Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2) . Then the following conditions are equivalent: We remark that pseudo-Riemannian manifolds (A/, g) satisfying the Osserman condition are not completely classified. More details of existing classifications of Kahler and para-Kahler pseudo-Riemannian space forms, based on the established classification of the universal covering space M, are given in Section 2.
Geometry of timelike and spacelike Osserman manifolds with the nondiagonalizable Jacobi operator has been studied in this paper as well as in [7, 6] . The manifolds have to have the characteristic polynomial with a triple zero a. So far the existence of the manifolds when a ^ 0 has been an open problem.
For Riemannian manifolds a nice open problem whether Osserman manifolds are necessarily locally homogeneous was stated by Vanhecke (for more details see [27] ). In the pseudo Riemannian setting this is not true for timelike (spacelike) Osserman manifolds (see [7] ).
Let us mention that a timelike (spacelike) Osserman manifold (M, g) is an Einstein self-dual or anti-self-dual manifold (see [2] ). Moreover, it admits a foliation by twodimensional totally geodesic isotropic submanifolds. Related problems were studied from another point of view by Akivis and Konnov in [1] .
Our paper is organized as follows. In Section 2 we give some basic notions and notations that we use throughout the paper. We also recall some basic facts related to certain known classification results for Kahler and para-Kahler pseudoRiemannian space forms. In Section 3 we study the traces of Jf x and J^2 of the Jacobi operators to establish the relations between the components of the curvature tensor in the case of 4-dimensional manifolds of signature (2, 2) . We prove that timelike (spacelike) Osserman manifolds are Einsteinian too. Section 4 is devoted to the linear algebra of symmetric operators in pseudounitary spaces, and especially to symmetric operators in dimension three. In Section 5 we determine the components of the curvature tensor, assuming timelike Osserman condition is fulfilled. It is shown that all timelike (spacelike) Osserman manifolds are curvature homogeneous. The proof of the Main Theorem is a consequence of the results in Section 6-Section 8. In Section 6 we investigate the case when the Jacobi operator is diagonalizable. We show that these manifolds are locally rank-one symmetric or flat spaces and we may say that the Osserman conjecture holds. We also prove the existence and the integrability of an almost complex and a para-complex structure in this case. In Section 7 we show that there does not exist a manifold whose characteristic polynomial of the Jacobi operator has a complex root. In Section 8 we investigate the case when the characteristic polynomial of the nondiagonalizable Jacobi operator has a multiple root. It is shown that the characteristic polynomial is necessarily with a triple root a. The most interesting part of the proof is the nonexistence of timelike Osserman manifolds in that class whose characteristic polynomials have roots a, a, 4a ^ 0. It is based on Walker's local classification of the manifolds which admit a parallel null distribution and some unexpected cancellations which took place along the necessary computations. We also describe the curvature tensors of the manifold and we find that they are, in both cases, very similar. We also consider the examples of timelike Osserman manifolds for a = 0 to show that these manifolds have very interesting and rich geometry. In Section 9, we prove, using some results of Wu [30] , the existence of a timelike Osserman locally rank-two symmetric space endowed with an integrable para-quaternionic structure with holonomy algebra given by (9.3) and (9.4). Nonsymmetric Ricci flat Osserman manifolds that are not even locally homogeneous are also discussed.
Preliminaries
Let M be a pseudo-Riemannian manifold of dimension n, p -f q -n with the metric (•, •) of signature (p, q). For convenience we also use the notation g for the metric. Let 6, = -1 for / = 1,... , p and e t = +1 for i = p + 1,... , n. We denote by e\,... , e n an orthonormal basis of M,
Let TM be the tangent bundle of M and X, Y, Z arbitrary vector fields. If V is the Levi-Civita connection, then R(X, Y) :
Let co, J2 be the connection 1-forms and the curvature 2-forms respectively. [5]
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To explain the geometry of spacelike and timelike Osserman manifolds of signature (2,2) we recall here some basic facts related to certain known classification results for the universal coverings of Kahler and para-Kahler pseudo-Riemannian space forms. The curvature tensor of pseudo-Riemannian manifold (M", g) of signature (s, n -s) of constant sectional curvature c is
for u, v, w e T P M. Two such complete, connected, simply connected, manifolds of the same sectional curvature c are isometric. Particularly, it is interesting for us that there exists a classification of space forms M\ for c ^ 0 (see [29] ). Their universal pseudo-Riemannian coverings S\ and H% are spheres in the pseudo-Euclidean spaces R 5 2 and R* respectively [29] . Analogous to the projective space GP", the indefinite projective space of signature (2s, 2n -2s) can be constructed (for details see for example [4] ). It is a Kahler space form of the constant sectional curvature c, c ^ 0, and its curvature tensor is
for all u, v, w e T P M. We also have that every connected, simply connected, complete indefinite Kahler manifold of complex dimension n, of signature (2s, 2n -2s) and of constant holomorphic sectional curvature c, c ^ 0, is holomorphically isometric to €W s (c) (see [4, Theorem 3.4] ). Therefore only CP](c) is interesting for us. The tangent bundle TS" of the n-sphere can be equipped with a pseudo-Riemannian metric g of signature (n, n) and a para-complex structure such that P"(B) = (TS n , g, F) is of constant para-holomorphic sectional curvature c, c ^ 0. For n > 1, P n (B) is complete, connected and simply connected (see [14] ). Two such complete, connected, simply connected manifolds of the same para-holomorphic sectional curvature c are F-isometric. Particularly, for n = 2, a complete, connected, para-Kahler manifold of constant para-holomorphic sectional curvature c, c / 0, is F-holomorphically isometric to the space P It is interesting to notice that indefinite Kahler manifolds with vanishing holomorphic sectional curvature and para-Kahler manifolds with vanishing para-holomorphic sectional curvature are also flat. But the complete classification of flat pseudoRiemannian manifolds is not known (see [ Novica Biazic, Neda Bokan and Zoran Rakic [6] 
Characteristic polynomial and its coefficients
In this section we study the traces of W x and J^2 for an arbitrary pseudoRiemannian manifold with a metric of signature (p, q). We prove that a timelike Osserman manifold with a metric of arbitrary signature (p, q) is an Einstein space. Then we use it to establish the relations between the components of the curvature tensor in the case of 4-dimensional manifold of signature (2,2).
Let i < j be two fixed indices and S e {1, -1}. We now choose orthogonal vectors X and Y such that We use the theory of the reduction of symmetric operators in the pseudo-unitary space (see [20] ), to see that the following theorem holds. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700003001 (13) If fit(k) = (A. -a) 3 , then there exists a main basis e iy e 2 , £3 such that the matrix of the operator J^ is given by (4.4) . (14) If (j. k (X) has a complex root z = a + ifi, fi ^ 0, then there exists a basis e u e 2 , e 3 such that the matrix of <%f is of the form (4.5).
• Theorem 4.1 enables us to introduce the type of a 4-dimensional timelike Osserman manifold with signature (2, 2) as follows. DEFINITION 4.2. Let M be a 4-dimensional timelike (spacelike) Osserman manifold of signature (2,2). We say that M is of type (la) if J^x is diagonalizable; (Ib) if the characteristic polynomial of the Jacobi operator Jffx has a complex root; (II) if the minimal polynomial of the Jacobi operator Jff x has a double root a; (III) if the minimal polynomial of the Jacobi operator J^ has a triple root or.
The components of the curvature tensor
In this section, as the first step, we find^the components of the curvature tensor in a main basis at a fixed point, studying all the possibilities for the matrix of the Jacobi operator that appear in Theorem 4.1. Then we can extend it to a smooth local moving frame in a neighbourhood U of an arbitrary point. The Jacobi operator is of the same type along U and the moving frame forms a main basis at every point of U. To establish the existence of such a moving frame we will choose a neighbourhood U to be contractable. Then the existence follows from the fact that a vector bundle over a contractable base has to be trivial.
Of course, we assume from now on that M is a 4-dimensional timelike Osserman manifold with the metric (•, •) of signature (2, 2) . All the components of curvature tensor in a main basis for a timelike Osserman manifold are constant, see Theorem 5.1.
In this section we find the full curvature tensor of the endomorphism J(f x for all types of manifolds from Definition 4.2. More precisely, we have use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700003001
[9]
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In all cases the main basis with s = 1 exists.
PROOF. The proof follows by long and straightforward calculations using the Osserman condition, which implies the constancy of tr X\, trjff^ and tr Jf£ o n t n e u m t vector X.
•> D
Geometry of manifolds when X x is diagonalizable
This section is devoted to the study of Osserman manifolds with the diagonalizable Jacobi operator. In the first step we use the formula for the covariant differentiation of the curvature tensor R as well as the second Bianchi identity and the properties of the Ricci tensor p to prove that it is a locally symmetric manifold. As a consequence, in the second step we consider in more details the existence of certain complex and para-complex structures. Moreover, in this section it is confirmed that the modified Osserman conjecture for pseudo-Riemannian manifolds holds under the additional assumption that the Jacobi operator is diagonalizable.
Throughout this section we use the basis e t , e 2 , e 3 , e 4 of the tangent space T P M given by (3.1M3.3) and its dual basis denoted by 6\ 6 2 , 6\ 0 4 . We denote by ^, fij the connection 1-forms and the curvature 2-forms respectively. 6.1. The components of the covariant derivative of the curvature tensor when J(f x is diagonalizable. The main purpose of this subsection is to prove that VR = 0 is diagonalizable. The following proposition deals with the symmetry properties of the connection 1-forms which allow us to prove V/? = 0 and the integrability of an almost complex and a para-complex structure. 4 ,
Now, we introduce 1-forms <p\<p 2 ,<p 3 and <p 4 as follows: Using the structural equations and the second Bianchi identity, it follows from (6.6) that
First notice that <p l , cp 2 , <p 3 and <p 4 form an orthogonal basis of T*M. Now we compute the components of the covariant derivatives of the forms A, B and C, and then we use (6.6)-(6.8) to find the divergence of <p
where we put n = -A 2 -A\ + A\ + A\ = \\A\\ 2 . From the last three equalities of (6.9) we get: By direct computations, from (6.11) and (6.13), we see that div^1 = 0. This is a contradiction with (6.10) and n ^ 0. The second case, n = 0, leads directly to the contradiction with the initial assumptions. Now we apply the relations (6. Case I. We consider a = b ^ c. We notice that the line bundle over the timelike unit sphere S~ U p is trivial. We will use this fact for the line bundle obtained by the eigenspaces of Jt^ at the corresponding points. Using the fixed global section of this bundle for arbitrary £ , we define F(Ei) = E 4 as the value of the section at the corresponding point. We complete now the definition of the endomorphism F by using a fixed basis £,, £ 2 , £3, E 4 such that
One can check that F 2 = id, (F-, F-) = -(•, •>, and consequently F is a para-complex structure on M. For more details about a para-complex structure see for example [14] . We note that the basis E lt E 2 
One can check that J satisfies, J 2 = -id, {J-, J-) = (•, •), and consequently J is an almost complex structure. We also have that the almost complex structure J is independent of the choice of E t (similar to Lemma 6.4). LEMMA 6.5. The almost complex structure J and the para-complex structure F are integrable.
PROOF. TO prove the integrability of the para-complex structure F we need to prove that VF = 0. We have, for example, We use now (6.21) to prove that VF = 0. The integrability of the almost complex structure J in Case II can be proved similarly.
• Note that if the manifold M is orientable we can define respectively para-Kahler and Kahler structures F and J, globally on M.
REMARK. The results of this section show that Osserman conjecture holds when the Jacobi operator is diagonalizable. Under the given assumption that J%x is diagonalizable in this section it was shown that (Af, g) is in one of the described in the Main Theorem (c), (l)-(3). If a = b = c, then M has constant sectional curvature.
The case when J(f x has a complex eigenvalue
The main purpose of this section is to prove that there does not exist a timelike or spacelike Osserman manifold of type (Ib), that is, the characteristic polynomial of Jf x has no complex zero. Because of Theorem 5.1 (b) it is enough to consider formulae with e = 1. First we compute the curvature 2-forms ty using (2.4) and Let us mention that the curvature 2-forms f^ for J^X with a double real zero of its minimal polynomial are also given by these formulae.
We use the same notations A, B, C for the corresponding 1-forms as in Subsection 6.1. Then we use the analogous procedure for curvature 2-forms Q\, Q, Q PROOF. If we express the differentials dC, dA and dB using the covariant differentiation we get (a) If we add (7.11) to (7.12), we get E = 0. (b) Now, if we assume n = 0 then (7.8) gives p = 2(c-y) = 2/3(5c-2a). From this relation and (7.9) we get c = 2/5a. Now, if we use (7.11) and E = 0, n = 0 we find 2y = (c -a)/y(a -x), and therefore 2y 2 --18/25a
2 . This is a contradiction with y £ 0. We use (7.9) and (7.10) to get (7.15) n = ? . ( 5 c -2 a ) . P + 2y 2 (c) One can combine (7.8) and (7.11) to finish the proof.
• Consequently, the right side of (7.17) vanishes and hence we have
We see that c ^ a, because in the contrary, Lemma 7.1 (c) would imply y = 0. If we now use (7.19) and (7.11) we find c = -2a. Therefore, one can use (7.4) and (7.15) to get To find the divergence of the forms <p 2 , <p 3 and <p 4 , it suffices to calculate d<p l . Combining (7.13) and (7.14) with the covariant differentiation, we get We then use (7.2), (7.19), (7.21), (7.13) and (7.14) , to obtain that the divergence of the forms <p\ and <p' in general, vanishes.
• use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700003001
[17]
Osserman pseudo-Riemannian manifolds of signature (2, 2) 383 The next step is the calculations of all covariant derivatives, C,y. More precisely, we have the following result. It is easy to see that the sum of the first two members of the each equation from (7.23) vanishes, and then the third member also vanishes. Let Hence, we combine (7.21), (7.23) with Lemma 7.2 (b) to find the following homogeneous system
But this homogeneous system has the determinant equal to n 3 5^ 0, and consequently A. = fi = S = 0. Hence, it follows Ci;l = Q;4i C 3; i = -C 4 ; 2 , C 4 ; 3 = -C 2 ; i, (7.26) C 2;2 = C 3;3 , Ci ;3 = -C 2;4 , C 3;4 = -Ci ;2 .
Finally, using the relations (7.26), (7.20) and the covariant differentiation of the forms C, A and B and the relations (7.3) we get the relations (7.22).
The case when Jtf x is not diagonalizable and has all real eigenvalues
This case is of special interest because in this class it was found the first example of a nonflat Osserman manifold which is not locally rank-one symmetric. The main result in the section is the following. THEOREM 8.1. Let M be a manifold of type (II) or (HI). Then its Jacobi operator has a triple root a.
Before proceeding with the proof let us mention that these manifolds satisfy some interesting properties (a) M is foliated by two-dimensional totally geodesic isotropic submanifolds; (b) there exists an isotropic frame f\,fi,f-i,f* such that the components of the curvature tensor are determined by
that is,
if M is of type (II) or (III) respectively. For details see [6] and [7] . It is important to notice that all known examples are Ricci.flat, that is, a = 0.
The rest of the section is devoted to the proof of Theorem 8.1. First we introduce some notions and notations which we use in this section. Let us mention that the proof of Theorem 8.1 will be given in a sequence of lemmas and propositions.
Firstly, we consider in this section a manifold of type (II), that is, the corresponding Jacobi operator Jtf x with a double zero of its minimal polynomial. It means that there exist a main basis such that the matrix of J^ is given by (4.3). Therefore we need to study different relations between parameters a and /5. The main goal is to prove that if p = 4a, then a = fi = 0 and the scalar curvature r vanishes. The manifolds satisfying these conditions admit a field of null parallel planes and consequently they can be endowed with a Walker metric (8.8).
In this section, from now on, we assume that s = +1 (see Theorem 5.1 (b)), and so These coefficients are not independent. We only prove those relations which are important for our proof of Proposition 8.6. More precisely, we prove the following lemma. PROOF. One can check by straightforward computations that e x -e 4 and e 2 + e 3 are null vectors. Moreover, the plane generated by them coincides with its orthogonal complement and consequently this plane is a null one.
To prove that this plane is parallel it is necessary to prove V x (e\ -e 4 ) and V* (e 2 +ej) belong also to this plane, where X is an arbitrary smooth vector field. We use the equality A = B, where A = a>\ -co*, B = co\ + oo\ to see + /x(/z + r/2) = 0, and from here follows that ix -0 and consequently r = 0. This is the contradiction with the assumption x jtO.
• COROLLARY 8.7. There does not exist an Osserman timelike manifold whose characteristic polynomial of endomorphism <%x has a double real zero a, and real zero /? such that ft -4a ^ 0.
PROOF. Proposition 8.6 implies the scalar curvature x vanishes and consequently a = p = 0.
•
Examples
When the Jacobi operator of a timelike or spacelike Osserman manifold (A/, g) is diagonalizable (type (la)), then their local characterization is of the same kind as in the Riemannian 4-dimensional manifolds (Section 1). This section is devoted to the examples that show that if the Jacobi operator is not diagonalizable (types (II) and (III)) then M may not even be a locally symmetric space.
In Subsection 9.1 we use the results of Wu ([30] ) to show the existence of this 'exceptional example' and the explicit construction of the metric is given by Rakic ([23] ). This example admits nice geometric structures. In Subsection 9.2 we describe timelike (spacelike) Osserman manifolds which are not even locally symmetric (but they are Ricci flat).
9.1. The existence of a locally rank-two symmetric Osserman manifold. The main purpose of this subsection is to study manifolds with an endomorphism Xx use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700003001 Novica Blazic, Neda Bokan and Zoran Raki<5 [24] such that its matrix is given by (4.3) where the eigenvalues a and /J vanish. We show that there exists a locally rank-two symmetric manifold M = G/H in this class. Moreover, a manifold M = G/H can be endowed with an integrable antiquaternionic structure and an integrable dual (neutral) structure. We recall some basic facts from [30] to clarify our construction.
In general H is the generic symbol of holonomy groups and h, of holonomy algebras. We denote (the identity component of) the full group of isometries of an inner product space V by PO( V) when we are not concerned with signature, and by SO(p, d -p) when we are. The corresponding Lie algebras are then po( V) and so (p, d -p) . PO(V) is a subgroup of the automorphism group Gl( V) of V which is usually identified with the group of nonsingular d x d matrices in the presence of a basis; po(V) is then a Lie subalgebra of the full matrix algebra gl(V), which is identified via the same basis with Hom( V, V). DEFINITION We prove in this section the following theorem. This algebra g is solvable and hence Proposition 9.4 implies our homogeneous space M is diffeomorphic with K 4 .
• REMARK. Since the sectional curvature of the plane E\ A E 4 is vanishing, it is easy to verify that M is a rank-two symmetric space. This method was used by Rakic [23] Endomorphisms 1, j , k are well defined, and it is as in the previous cases interesting, since they are independent of the choice of the first vector E x . Let us remark the endomorphisms 1, j , k satisfy the multiplication properties (9.7) / 2 = ; 2 = -it 2 = l, ij=-ji = k.
This structure is known as a para-quaternionic structure. For some details see for example [24] . Let us denote We now use Lemma 6.4 (i) to see (9.9) Vi = q(j -k), V/ = -qi, V* = -qi, which implies the integrability of our para-quaternionic structure. If the manifold M is orientable, we can define this para-quaternionic structure globally.
• Let us remark that V(/ -k) = 0 and (j -k)
